FREE INVOLUTIONS ON S 2 x S 3 



YANG SU 

Abstract. In this paper, we classify smooth 5-manifolds with fundamental group iso- 
morphic to Z/2 and universal cover diffeomorphic to S 2 x S 3 . As a consequence, a 
classification of smooth free involutions on S 2 x S 3 up to conjugation is obtained. 



1. Introduction 

The study of group actions on manifolds is an important topic of topology. Free in- 
volutions on manifolds have been studied by several authors. Free involutions on the 
spheres S n were studied by Wall, Browder, Liversay, Lopez de Medrano and others. In 
[I], Hambleton studied the existence of free involutions on simply-connected 5-manifolds 
with trivial second Stiefel- Whitney class. A classification of free involutions on simply- 
connected 5-manifolds with torsion free second homology and trivial action on H 2 is obtain 
by Hambleton and Su in [6]. 

The classification of free involutions on a manifold up to conjugation is equivalent to the 
classification of the quotient spaces. In the paper we study the classification of smooth 
5-manifolds with fundamental group Z/2 and universal cover S 2 x S 3 , and henceforth 
obtain a classification of smooth free involutions on S 2 x S 3 . 

Before stating the main theorem, we give some examples of smooth free involutions on 
S 2 x S 3 . First of all, there are some obvious examples. Let Tj = (—1, n) : S 2 x S 3 — > S 2 x S 3 
be a free involution, where —1 denotes the antipodal map on S 2 and Tj is the restriction 
of a linear map with i (—1) -eigenvalues and (4 — i) 1-eigenvalues, i = 0,1,2,3,4. We 
denote the corresponding quotient manifold by Y$. Let r/ 2 be the canonical line bundle 
ove MP 2 , then Yi is the sphere bundle of the vector bundle ir] 2 © (4 — i)R. Similarly, let 
T[ = (t/, —1): S 2 x S 3 — > S 2 x S 3 be a free involution, where —1 denotes the antipodal 
map on S 3 and t[ is the restriction of a linear map with % (—1) -eigenvalues and (3 — i) 
1-eigenvalues, i = 0,1, 2, 3. We denote the corresponding quotient manifold by Zj. Let rj 3 
be the canonical line bundle ove MP 3 , then Zj is the sphere bundle of the vector bundle 

m © (3 - m 

Other classes of examples are given by the following constructions. S 2 x S* 3 can be 
realized as the link of a Brieskorn singularity of type A q , q = 0,2,4,6,8. There is a 
smooth free involution T on induced by an involution of the ambient space. We denote 
the quotient manifold by Tr q /T. On the other hand, by the ^-connected sum operation 
on 5-dimensional fake projective spaces, we obtain manifolds X 5 (q) (q = 0, 2, 4, 6, 8) with 
7Ti(X 5 (q)) = Z/2 and universal cover S 2 x S 3 . Detailed description of these manifolds will 
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be given in Section 2. These manifolds correspond to nonlinear involutions on S 2 x S 3 
and appear in the main theorem. 

Let T: S 2 x S 3 S 2 x S 3 be & smooth free involution, M 5 = S 2 x S 3 /T be the quotient 
space. Then according to the action of T on ir 2 {S 2 x S 3 ), as a Z[Z/2]-module, 7r 2 (M) is 
isomorphic to Z + (the trivial module) or Z_ (the nontrivial module). The second space of 
the Postnikov tower of M, P 2 (M), is a fibration over ]RP°° with fiber CP 00 . By [I], there 
are two such fibrations in the Z_-case, one admits a section and the other one doesn't. 
We denote the former by P and the latter by Q. More precise constructions of P and Q 
will be given in Section 2. 

Theorem 1.1. Let M 5 be a smooth 5-manifold with m(M) = Z/2 and universal cover 
M^S 2 x S 3 . 

(1) Ifir 2 (M) = Z +; then M is orientable, and the classification of M up to diffeomor- 
phism is given in the following table 



w 2 (M) = 


w 2 (M) ^ 


S 2 x MP 3 


X\q), q = 0,2, 4, 6, 8 



(2) If 7r 2 (M) = Z_ and M is orientable, then P 2 (M) = Q and the classification of M 
up to diffeomorphism is given in the following table 



w 2 {M) = 


w 2 {M) ^ 


Y 1 


HyT, q = 0,2, 4, 6, 8 



For (1) and (2), in the w 2 (M) ^ cases the manifolds are classified by the 
Pin + -bordism class of the characteristic submanifold N of M , [N] £ Q^ m+ /± = 
{0,1,. ..,8}. 

(3) If 7T 2 (M) = Z_ and M is nonorientable, then the classification of M up to diffeo- 
morphism is given in the following table 





w 2 (M) = 


w 2 {M) ^ 


P 2 {M) = P 


Zi 




P 2 (M) = Q 


Y 2 


S 3 x MP 2 



As a corollary, we have a classification of smooth free involutions on S 2 x S 3 . 

Corollary 1.2. There are exactly 12 orientation preserving smooth involutions on S 2 x S 3 
and 3 orientation reversing ones. The quotient spaces are given in the above tables. 

Remark 1.3. It will be interesting to give explicit description of the involutions with 
quotient space X 5 (q). 

Remark 1.4. There are topological free involutions on S 2 x S 3 which are not conjugate to 
smooth ones. In [5], a 5-manifold *(S 2 x MP 3 ) is constructed. This manifold is homotopy 
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equivalent to S 2 x IRP 3 , but doesn't admit any smooth structure. Therefore the deck- 
transformation on the universal cover is a non-smoothable free involution on S 2 x S 3 . The 
method of this paper is also valid for the classification in the topological category. 

The outline of this paper is as follows: in Section 2 description and properties of the 
second space of the Postnikov towers, and constructions of the manifolds in Theorem 11.11 
are given. We also review briefly some basic concepts about the characteristic submani- 
fold. Theorem II .11 is proved in Section 3, using the method of modified surgery developed 
in [8]. 

2. Preliminaries 

§2A. Second space of the Postnikov tower. Let M 5 be the quotient space of a free 
involution on S 2 x S 3 , then m(M) = Z/2 and tt 2 (M) = Z. Accoring to p], the second 
space of the Postnikov tower of M, P 2 (M), is a fibration over IRP°° with fiber CP 00 , and 
such a fibration is determined by its fc-invariant k G ^(IRP 00 ; 7r 2 (CP°°)), which is the 
obstruction for a section. 

If vr 2 (M) = Z + as a Z[Z/2]-module, since H 3 (RP°°; 7r 2 (CP°°)) = 0, we have 

P 2 (M) = ]RP°° x CP 00 . 

If vr 2 (M) ^ Z_, since H 3 (RP°°; 7r 2 (CP°°)) = Z/2, there are two such fibrations up to 
fiber homotopy equivalence. These can be described as follows: 

Let c denote the complex conjugation on CP 00 , (—1) denote the antipodal map on S°°. 
Let P = (CP 00 x S°°)/(c, -1), then there is a fibration CP 00 -> P -> IRP°° with a section 
a : IRP 00 — > P, x i— > [x, x\, where x is any preimage of x in S°°. 

There is a free involution r on CP 00 , with r* = (—1) on iJ 2 (CP°°). (Under ho- 
mogeneous coordinates, r maps [z , z 1 , z 2 , z 3 , ■ ■ ■ } to [—Zi,z ,—z 3 ,Z2,---]-) Let Q = 
(CP 00 x S°°)/(t, -1), then there is a fibration CP 00 ->• Q ->• JRP°° which corresponds 
to the nontrivial /c- invariant. For details see [TUl pp. 44] 

The homology groups of Q were calculated by Olbermann in [TO] 

Lemma 2.1. [101 pp. 48-49] 

(1) #*(Q; Z/2) = Z/2[t, g]/t 3 ; where \t\ = I, \q\ = 4. 

(2) the integral homology of Q up to dimension 6 is given by 





1 


2 


3 


4 


5 


6 




Z/2 








Z/2 


Z/2 






(3) H 4 (Q; Z_) ^ Z, # 5 (<3; Z_) = 0, H 6 (Q; Z_) ^ Z. 
Analogously, we compute the homology groups of P: 
Lemma 2.2. 

(1) H*(P; Z/2) = 7j/2[t,x], where t is the pull-back of the nontrivial element of 
iJ 1 (]RP 00 ; Z/2) and x restricts to the nontrivial element of H 2 (CP 00 ; Z/2). 

(2) the integral homology of P up to dimension 6 is given by 
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1 


2 


3 


4 


5 


6 


#*(P;Z) 


Z/2 


Z/2 


Z/2 


Z©Z/2 


(Z/2) 2 


(Z/2) 2 



(3) H 5 (P;7t_) = Z/2 is mapped injectively into H$(P]Z/2), whose image is dual to 
t 3 x; H 6 (P; Z_) = Z© (Z/2) 2 . 

Proof. We apply the Serre spectral sequence for H*(—; Z/2) to the fibration CP 00 — > P — > 
]RP°°. Since there is a section a: IRP°° — > P, all P 2 -terms survive to infinity. By the 
multiplicative structure of the spectral sequence, this implies that H*(M; Z/2) = Z/2[i, x}. 
Using the Serre spectral sequence for ; Z) and the universal coefficient theorem one 
computes if*(M;Z) in low dimensions. Using the Bockstein sequence associated to the 
short exact sequences Z + — > Z[Z/2] — > Z_ and Z_ — > Z[Z/2] — > Z + , one computes 
H*(M; Z_) in low dimensions. 

The long exact sequence associated to the coefficient sequence Z_ — > Z_ — > Z/2 shows 
that H^[P]TLS) — > P~ 5 (P;Z/2) is injective. Let Zi be the 5-manifold given in Section 1, 
we have a commutative diagram 



,5' 2 



CP C 



p3 



/2 



where /2 : Z\ — > P is the second stage Postnikov map. By comparison of the Serre spectral 
sequences of the two fibrations, we see that f^: H 5 (Zi]Z*/2) — > P 5 (P;Z/2) is injective 
and the image is dual to t 3 x. Therefore from the commutative diagram 



pf 5 (z i; z„; 

F S (P; Z_) 



H 5 {Z i; Z/2) 

/2* 

■PT 5 (P; Z/2) 



□ 



we conclude that the image of H 5 (P; Z_) — > H 5 (P; Z/2) is dual to t 3 x; 

If M has 7r 2 (M) = Z_, then there is an exact sequence (cf. [2]) 

tf 3 (Z/2) Z (g) z[z/2] Z_ -> F 2 (M) -> ^ 2 (Z/2). 

Thus H 2 (M) is either trivial or isomorphic to Z/2. We see from Lemma [2.11 and Lemma 
12.21 that these two cases correspond to the different Postnikov towers. 

Corollary 2.3. Let P 2 (M) be the second space of the Postnikov tower of M. Then 
P 2 (M) = P if and only if H 2 (M) Z/2; P 2 (M) = Q if and only if H 2 (M) = 0. 

Lemma 2.4. Let M 5 be the quotient space of a free involution on S 2 x S 3 with 7r 2 (M) = 
Z + . Then M is orientable. 

Proof. Assume that M is nonorientable, then as a Z[Z/2]-module, H^(S 2 x S 3 ) = Z_. 
An easy calculation with the homology Serre spectral sequence with Z-coefficients for the 
fibration M -> M MP 00 shows that H 5 (M; Z) ^ 0, a contradiction. □ 
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Lemma 2.5. Let M 5 be the quotient space of an orientation preserving free involution on 
S 2 x S 3 with vr 2 (M) = Z_. T/ien # 2 (M; Z) = 0. Therefore by Corollary\EM P 3 (M) = Q. 

Proo/. Assume that # 2 (M) 7^ 0, then # 2 (M) = Z/2. Let x e # 2 (M) be the nontrivial 
element, then the non-singular linking form b on torsif 2 (M) must have value b(x,x) = 

1/2 G Q/Z. Note that M = S 2 x S 3 is spin, thus w 2 (M) is zero on H 2 (M) (cf. P Lemma 
2.1]). Also we have a surjection n 2 (M) — > H 2 (M). Therefore we can do surgery on an 
embedded S 2 representing x to kill x. Using [T3"l Lemma 3] it is seen that there is no new 
homology class created. Thus the result manifold M' has H 2 (M') = 0. This means M 
can be obtained by doing surgery on an embedded S 2 in M'. Since H 2 (M') = 0, we have 
H 2 (M) = Z, which is a contradiction. □ 

Lemma 2.6. Let M 5 be the quotient space of a free involution on S 2 xS 3 with P 2 (M) = P. 
Then M is nonorientable and w 2 (M) = 0. 

Proof. That M is nonorientable is a consequence of the previous lemma. To show that 
w 2 (M) = 0, consider the cohomology Serre spectral sequence with Z/2-coefficients for 
the fibration M -> M -> MP 00 . H 2 (M;Z/2) = (Z/2) 2 implies that the differentials 
d 3 : £ 3 2 -> E 3 +30 are trivial. Therefore H 2 (M;Z/2) = Z/2 <t 2 ,x> and H 3 (M;Z/2) = 
Z/2 < t 3 ,tx >, where t is the pull-back of the nontrivial element of iJ 1 (IRP 00 ; Z/2) and 
x restricts to the nontrivial element of H 2 (M; Z/2). By Poincare duality, H 5 (M; Z/2) is 
generated by t 3 x. 

Let v = v 1 + v 2 denote the Wu class of M. Then V\ = w\{M) = t, w 2 (M) = (Sqv) 2 = 
v f + V2 = t 2 + v 2 , where v 2 is determined by Sq 2 : H 3 (M; Z/2) -> if 5 (M; Z/2). We have 
SqH 3 = t 5 = and ^g 2 te = t 2 Sq 1 x. 

Let / 2 : M — > P = P 2 (M) be the Postnikov map, there is a commutative diagram 

H 2 (P; Z/2) — H 2 (M; Z/2) 



Sq 1 



Sq 1 



H 3 (P; Z/2) H 3 (M; Z/2) 

by Lemma l2~2l and the structure of H 3 (M; Z/2), both /| are isomorphsims. Therefore we 
only need to determine Sq 1 x for a special M. Consider the manifold Z\ = S(rjs © 2R). It 
is easy to compute that H 2 (Zi) = Z/2 and w 2 (Z\) = 0. This implies that Sq 1 x = tx and 
v 2 = t 2 . Hence w 2 {M) =0. □ 

§2B. Characteristic submanifolds and Pin ± -structures. Recall that for a manifold 

M n with fundamental group Z/2, a characteristic submanifold N" - " 1 C M is defined 
in the following way (see [3], §5]): there is a decomposition M = A U such that 
dA = OTA = N, where T is the deck-transformation. Then := N/T is called the 
characteristic submanifold of M. For example, if M = IRP n , then N = MP™" 1 . In general, 
let / : M — > MP k (k large) be the classifying map of the universal cover, transverse to 
MP fc_1 , then N can be taken as / _1 (IRP fc_1 ). By equivariant surgery we may assume that 
ni(N) = Z/2 and that the inclusion i: N C M induces an isomorphism on 7Ti. 
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Recall that there are central extensions of 0{n) by Z/2 (see [TJ, §1] and [51 §2]): 

1 -> Z/2 -> Pin ± (n) -> O(n) -> 1, 

Let f G {+, — }. A Pin^-structure on a vector bundle £ over a space X is the fiber 
homotopy class of lifts of the classifying map ce '■ X — > BO. 

Lemma 2.7. [51 Lemma 1] 

(1) A vector bundle E over X admits a Pur -structure if and only if 

w 2 (E) =0 for f = +, 

w 2 (E) = w 1 (E) 2 for | = -, 

(2) Pin ± -structures are in bijection with H 1 (X;'L/2). 

Lemma 2.8. [3j Lemma 9] Let M be a smooth, orientable 5-manifold with ni(M) = Z/2. 
Let N C M be the characteristic submanifold (with tti(N) = Z/2). Then TN admits a 
Pin -structure, where 

r - if w 2 (m) = o _ 

I + if w 2 (M) ^ and w 2 (M) = 

N admits a pair of Pin^-structures. The Pin^-bordism class of the pair of structures is 
independent of the choice of characteristic submanifold N. The Pin^-bordism groups in 
low dimensions are computed by Kirby and Taylor in [7], we have Q^ m+ = Z/16 generated 
by ±MP 4 and Qf n ~ = 0. 

§2C. Construction of manifolds. In this subsection we give detailed description of 
the manifolds in Theorem 11.11 

The manifolds S^/T are described in [31 §1]: Let VI 6 be the complex hypersurface in 
C 4 given by the equation 

4 + z\ + z\ + z\ = 0, 

where q = 0,1, ... ,8. The origin is an isolated singularity of V®, and the link of this 
singularity, i. e., the intersection of VI 6 with the unit sphere S 7 C C 4 , is shown to be 
diffeomorphic to S* 5 for q odd and diffeomorphic to S 2 x S 3 for q even. The involution 
T: £^ — >• given by 

T(z , Zi, z 2 , z 3 ) = [z , —Z\, —z 2 , —z 3 ) 

is free on Ejj. 

Thus for q = 0,2, 4, 6, 8, we have an orientation preserving free involution on S 2 x S 3 , 
we denote the quotient space by S^/T. It was shown in [31 Proposition 6, Lemma 11] 
that H 2 {Y^ q /T) = 0, w 2 {YP q /T) ^ and the Pin + -bordism class of the charateteristic 
submanifold of E^/T is ±q E fif n+ Z/16. By Corollary ^P 2 {E 5 q /T) = Q. 

For q = 1,3, 5, 7, the above construction gives a free involution on S 5 , the quotient space 
E^/T is a fake MP 5 — a smooth manifold homotopy equivalent to MP 5 (see [TU §14D]). 
We denote it by iJRP^. Furthermore, it is shown that these iflRP^ are all the possible 
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fake MP 5 . The Pin + -bordism class of the corresponding characteristic submanifold is 
±q G nf m+ . 

The manifolds X 5 (q) are constructed by the "connected-sum along S* 1 " operation on the 
fake projective spaces if MP 5 (see P, §3]). Denote the trivially oriented 4-dimensional real 
disc bundle over S 1 by E. Choose embeddings of E into i/IRP 5 and iiIRP 5 ,, representing 
a generator of 7Ti, such that the first embedding preserves the orientation and the second 
reverses it. Then we define 

HWPg $ s iHRP 5 ql := (HRP 5 q - E) U d (HRP 5 ql - E), 

Note that iJIRP 5 admits orientation reversing automorphisms, thus the construction 
doesn't depend on the orientations. (The fact that iiIRP 5 , admits orientation revers- 
ing automorphisms follows from that RP 5 admits orientation reversing automorphisms 
and that the action of Aut (RP 5 ) on the structure set ^(IRP 5 ) is trivial.) 

The Seifert-van Kampen theorem implies that iix^HRP 5 § s iHRP ql ) = Z/2. The Mayer- 
Vietoris exact sequence implies that 

H 2 (HRP 5 q ttsiMPj,) = Z, H 2 (HRP 5 q $ s iHRP 5 ql ; Z[Z/2]) = Z. 

Since txiSO(A) = Z/2, there are actually two possibilities to form HRP 5 q $ s iHRP 5 ql . 
However, note that the characteristic submanifold of if MP 5 ^s 1 HRP q , is N\ fjsiA^, where 
Ni (resp. N 2 ) is the characteristic submanifold of ifMP 5 (resp. HRP ql ). (See [5J p. 651] 
for the definition of flgi for nonorientable 4-manifolds with fundamental group Z/2). 
Therefore if we fix Pin + -structures on each of the characteristic submanifolds, then the 
manifold HRP 5 q $ s iHRP 5 q , is well-defined. 

This construction allows us to construct manifolds with given bordism class of char- 
acteristic submanifold. Note that Ni l \\s 1 X 2 corresponds to the addition in the bordism 
group int . Now for q = 0,2,4,6,8, choose 1,1' G {1,3,5,7} and appropriate Pin + - 
structures on the characteristic submanifolds of i/TRPf and HWPf,, we can form a man- 
ifold ifRP 5 JJsiiJRPf, such that the Pin + -bordism class of the characteristic submani- 
fold is ±q G m . We denote this manifold by X 5 (q). For example, we can form 
X 5 (0) = HRPl tbiMPf and X 5 (2) = MP 5 #siMP 5 with different glueing maps. 

The manifold X 5 (q) has fundamental group Z/2 and w 2 (X 5 (q)) ^ 0. The universal 

cover X 5 (q) is a simply-connected 5- manifold with trivial second Stiefel- Whitney class and 

H 2 (X 5 (q)) = Z. Therefore, by the classification theorem of Smale [TTJ, X 5 (q) = S 2 x S 3 . 
The action of 7Ti(X 5 (g)) on 7i 2 (X 5 (q)) is trivial (cf. [61 pp. 6-7]). 

The manifolds Y{ and Zj are sphere bundles over projective spaces. Their homology 
groups and characteristic classes can be computed by standard methods. Especially we 
have if 2 (Yi) = 0, w 1 (Y 1 ) = w 2 {Y 1 ) = 0; H 2 {Y 2 ) = 0, Wl {Y 2 ) ± 0, w 2 {Y 2 ) = 0; H 2 (Z X ) * 
Z/2, w 1 {Z 1 )^0, w 2 (Z l )=0. 

3. Bordism and Surgery 

§3A. Modified surgery. The classification of free involutions on a manifold is equiv- 
alent to the classification of the quotient manifolds. For involutions on the spheres S n , 
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the quotient spaces are all homotopy equivalent to WP n . Therefore the classical surgery 
program can be applied to the classification problem of the quotient spaces ( |14|, §14D]). 

For free involutions on S 2 xS 3 , the homotopy type of the quotient spaces is not constant. 
However, the lower Postnikov system and the normal data of the quotient spaces are 
relatively simple. This is appropriate for the settings of the modified surgery program in 
[5|. In this subsection we briefly describe the modified surgery program. For the sake of 
simplicity, we only consider 5-dimensional manifolds here. 

Let p: B — > BO be a fibration. A normal 5-structure of M is a lift v: M 5 — > B 
of the normal Gauss map v. M — > BO. v is called a normal 2-smoothing if it is a 3- 
equivalence. Manifolds with normal 5-structures form a bordism theory. Suppose (Mf , Vj) 
(i = 1,2) are two normal 2-smoothings in £>, (W G , v) is a 5-bordism between {M\,v\) 
and (Mf , v?). Then W is bordant rel. boundary to an s-cobordism (implying that M\ and 
M 2 are diffeomorphic) if and only if an obstruction 9(W, v) G L 6 (7Ti(B), wi(B)) is zero [BJ 
p.730]. 

The obstruction group L g (tti(B),wi(B)) is related to the ordinary Wall's L-group in 
the following exact sequence 

-> Lq(iti(B), wx(B)) LefaiB^w^B)) -> Wh(7n(5)), 

where Lq(tti(B), wi(B)) is the Wall's L-group and Wh(7Ti(5)) is the Whitehead group 
of 7Vi(B). For tti(B) = Z/2, Wh(Z/2) = ([9]), therefore we have an isomorphism 
Lg(7Ti(.B),wi(.B)) = ^(tt! (5), 101(5)). According to [H], the elements in Lg((Z/2) ± ) are 
detected by the Kervaire-Arf invariant. And if 6(W, v) is nonzero, then one can do surgery 
on (W, v) such that the result manifold (W, u 1 ) has trivial surgery obstruction. Therefore 
we have the following 

Proposition 3.1. Two smooth 5-manifolds M\ and M 2 with fundamental group Z/2 are 
diffeomorphic if they have bordant normal 2-smoothings in some fibration B. 

The fibration B is called the normal 2-type of M if p is 3-coconnected. This is an 
invariant of M. By this proposition, the solution to the classification problem consists 
of two steps: first we need to determine the normal 2-types B for the 5-manifolds under 
consideration. The second step is to compute the corresponding bordism groups Q^' p \ 

§3B. Normal 2-types. In this subsection we determine the normal 2-types of the quo- 
tient manifolds of smooth free involutions on S 2 x S 3 . 

Let P2 '■ B Spin — > BO be the canonical projection, © : BO x BO — > BO be the if -space 
structure on BO induced by the Whitney sum of vector bundles. Let 77 be the canonical 
real line bundle over MP 00 . Let ir: P 2 (M) — * ]RP°° be the projection in the Postnikov 
tower, L = TT*r] be the pull-back line bundle and kL be the Whitney sum of k copies of 
L. Let / 2 : M — > P 2 (M) be the second stage Postnikov map. 

Consider the fibration 

p: B = P 2 (M) x B Spin P ^% 2 BO x BO BO, 
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where p\ : P2(M) — > BO is the classifying map of kL with 

{0 if w 1 {M) = w 2 (M) = 

1 if itfi(M) ^ 0, w 2 (M) ^0 

2 if iw^M) = 0, w 2 (M) ^ 

3 if w\{M) ^ 0, w 2 (M) = 

A straightforward calculation shows that W\[yM — f 2 kL) = w 2 [yM — f 2 kL) = 0. 
This implies that vM — f 2 kL admits a Spin-structure. Such a structure induces a map 
M —>■ B Spin. Together with f 2 we have a lift v of z/. It is easy to see that (B,p) is the 
normal 2-type of M and v is a normal 2-smoothing. (Compare 0, §5 A]) 

§3C. Computation of Q^' P K To apply Proposition 13. 1\ according to the normal 2- 

types given above and Lemma 12.41 12.51 12.61 we need to compute the following bordism 

n( fi .P) 
groups \r 5 : 

• fi5 Pin (MP°° x CP 00 ; kL) , k — 0, 2; 

• n S / m (Q;kL), k = 0,1,2,3 and 

• n s / m (P;3L). 
Computation of D, 5 pm (Q] kL): 

We apply the Atiyah-Hirzebruch spectral sequence and the Adams spectral sequence 
to compute the bordism groups £lf pm (Q; kL) = Q^^(Th(kL)). 

For k — 1,3, the Atiyah-Hirzebruch spectral sequence has E 2 q = H p (Q;Q q pm ) (here 

we use the Thorn isomorphism to identify H p+ k(Th(kL); Q q pm ) and H P (Q; Q q pm )). Using 
Lemma 12.11 the relevant terms and differentials in the spectral sequence are depicted as 
follows: 

6 ■■■■! ! ! I ! !•■■■ 



2 


2 4 6 




Each black dot denotes a copy of Z/2 and the circle denotes a copy of Z. 
(1) For k = 1, the differential d 2 : E\ x — > E\ 2 is dual to Sq 2 + t-Sq 1 , d 2 : E% — >• Ef^ is 
reduction mod 2 composed with the dual of Sq 2 + t • Sq 1 (cf. |12j). From Lemma 
12. 1} both are trivial. Hence Q§ pm (Q] L) is either trivial or isomorphic to Z/2. By 
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comparison with the Adams spectral sequence for Qf m (Q;L) = vr 5 (TL A M Spin) , 
Olbermann showed in [10] that Q^ pm (Q; V) = 0. 
(2) For k = 3, the differential d,2 : £g — > E\ l is reduction mod 2 composed with the 
dual of Sq 2 + 1 • Sq 1 + t 2 -. It is shown in [10] that SV<7 = Sq 2 q = (using the fact 
the Q ~ CP°°/r and there is a fiber bundle MP 2 CP°°/r HP 00 ). Therefore 
S*g 2 g + 1 • Sg 1 *? + t 2 • q = t 2 q is the nontrivial element in H 6 (Q; Z/2), and hence c?2 
is surjective. Therefore Ql pm (Q; 3L) = 0. 

For k — 0,2, the Atiyah-Hirzebruch spectral sequence has E 2 q = H p (Q;Q^ pm ). Using 
Lemma 12.11 the relevant terms and differentials of the spectral sequence are depicted as 
follows: 
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Each black dot denotes a copy of Z/2. d<i : E\ 1 — > E\ 2 is dual to Sq 2 for k = and to 
Sq 2 + t 2 - for jfe = 2. In both cases d,2 is trivial. 

(1) For k = 2, by Lemma [2.81 there is a homomorphism (see also [6j pp. 18]) 

0:fif n (Q;2L)^^ in+ 

sending a singular manifold [X, f] to the bordism class of its characteristic sub- 
manifold. We know that Q^ m+ is isomorphism to Z/16 and the characteristic 
submanifold of S^/T (q = 0, 2, 4, 6, 8) corresponds to ±q G f24 in+ . It is seen from 
the spectral sequence that fl^ pm (Q;2L) has at most 8 elements. Therefore <p is 
injective and f2 5 pm (Q; IV) = Z/8, determined by the characteristic submanifold. 

(2) For k = 0, we apply the Adams spectral sequence. It suffices to concentrate on 
the prime 2. The £ 2 -terms are Exk"/(H*{Q A M Spin; Z/2), Z/2), and E% is the 
graded group of a filtration of Q^ pi g(Q) = ix t _ s (Q/\M Spin). The spectral sequence 
in low degrees is described as follows (compare [TQ1 PP- 57]): 
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As usual, the horizontal coordinate is t — s and the vertical coordinate is s. The 
differentials d 2 are both trivial or nontrivial. They are trivial if and only if the 
edge homomorphism fl^ pm (Q) — > H^Q^Tj) is nontrivial. Note that H^(Q]Ij) = 
H 5 (Q;Z/2) and the latter group is detected by tq G ff 5 (Q;Z/2). For [X,f] e 
fl^ pm (Q), we may assume that /* is an isomorphism on 7Ti. Then / induces a map 
between the fibrations X — > X — > MP 00 and CP 00 — > Q — > MP 00 . By comparison of 
the cohomology Serre spectral sequences with Z/2-coefficients for these fibrations, 
it's easy to see that f*(q) = 0. Then the edge homomorphism is trivial and the two 
differentials in the Adams spectral sequence are nontrivial. Hence £l^ pm (Q) = Z/2. 

It's easy to see that the map Q ~ CP°°/r — > MP°° induces an isomorphism 

ft S / m {Q) fi^ pin (eP°°) = fi^ pin (5 4 ). Let s e S 4 be a base point, for a map 
/: X 5 — > S A transversal to sq, f~ 1 (so) is a framed 1-manifold. The spin structure 
on X induces a spin structure on /~ 1 (s ), thus we obtained an element in f2^ pin = 
Z/2. This is an isomorphism between f^ 13 " 1 ^ 4 ) and f2^ pin . If ir\(X) = Z/2, 
then changing the spin structure on X will change the induced spin structure on 
/ _1 (s ), thus different spin structures on X correspond to different elements in 

Let /2 : Y\ — * Q be the second stage Postnikov map, then the two elements in 
tt 5 pm (Q) are represented by [(Yy, (Tj), / 2 ], where a±, a 2 are the two spin structures 
on Yi. 

Computation of Q^ pm (P; 3L): 

The i? 2 -terms of the Atiyah-Hirzebruch spectral sequence are = H P (P; Qg pm ), the 
differential d 2 : E 2 p X — > E^_ 2 2 is dual to Sq 2 + t ■ Sq 1 +t 2 -, d 2 : E 2 — > E 2 _ 21 is reduction 
mod 2 composed with the dual of Sq 2 + 1 ■ Sq 1 + t 2 -. The image of the mod 2 reduction 
Hq(P;1i_) — > Hq(P;Z/2) contains an element a such that (t 6 ,a) = 1 and an element b 
such that (t 2 x 2 , b) — 1. (Using similar method in the proof of Lemma I2T21 a is obtain from 
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the section a: IRP°° — > P and b is obtained from the commutative diagram of fibrations 

CP 2 " V 6 »- MP 2 

CP 00 *- P > RP°° 

where V 6 = (CP 2 x S 2 )/{c, -1).) 

Having this information, a standard calculation shows that all terms in the line p+q = 5 
are killed except for E§ = H<~,(P; Z_). Therefore the edge homomorphism il^ pm (P; 3L) — > 
H 5 (P;Z_) is an isomorphism, f25 Pm (P; 3L) = Z/2, and a bordism class [X,/] is deter- 
mined by the number (t 3 x, f*[X]zn). 

The groups fi^IRP 00 x CP°°;£;L), k = 0, 2 were computed in Propostion 5.3, 
Proposition 5.6]. 

We summarize the above computations in: 
Proposition 3.2. 

(1) fi5 Pin (MP°° x CP 00 ) = Z/4. i4 generating bordism class [X 5 J] is detected by the 
invariant (t 3 x, f*[X]) G Z/2, the two generating bordism classes are interchanged 
if we compose f with the involution r on CP 00 . 

There is a short exact sequence 

_, Z/4 -> ^ pin (MP°° x CP 00 ; 2L) -> fif n+ -> 0, 

t/ie bordism classes [X, f] G {±1} C Z/4 are detected by the invariant (t 3 x, f*[X]) G 
Z/2, and iae?/ are interchanged if we compose f with the involution r on CP°°. 

(2) Q^ pm (Q) = Z/2, the two elements are represented by (Yi, f 2 ) with the two spin 
structures on Y i; Q Sph \Q;L) = Q s 5 pin (Q;3L) = 0; ttl pin (Q;2L) ^ Z/8 deter- 
mined by the characteristic submanifold. 

(3) fl^ pm (P;3L) = Z/2, a bordism class [X,f] is determined by the bordism number 

(t 3 x,Mx] z/2 ). 

The proof of Theorem 11.11 is a direct consequence of Proposition 13.11 and 13.21 

Proof of Theorem \l.l\ The ir 2 (M) = Z + case was shown in [6j Theorem 3.1, Theorem 
3.6]. Here we only need to consider the vr 2 (M) = Z_ cases. 

For W\(M) and P 2 (M) = Q, since the corresponding bordism group fif ' p) = 0, 
there is only one diffeomorphism type, which is given in the table: Y 2 and S 3 x IRP 2 
respectively. 

For Wl (M) + and P 2 (M) = P, the bordism group is fif' p) = Q s 5 pin (P;3L) = Z/2. 
For a normal 2-smoothing [M, u], the bordism number {t 3 x, u*[M]) must be 1. Therefore 
there is only one diffeomorphism type, which is represented by Z\. 
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For Wl (M) = (and therefore P 2 (M) = Q), if w 2 (M) = 0, then [M,u M ] = [Y h f 2 ] G 
^5 Pm (Q)- Thus M is diffeomorphic to Y\. If w 2 (M) ^ 0, the corresponding bordism group 
q(B'P*> — f2^ pm (Q; 2L) = Z/8. Each bordism class is represented by a normal 2-smoothing 
[Ylq/T, v\. Therefore each M in this class is diffeomorphic to a S^/T. □ 
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